Abstract. We discuss mimetic gravity theories with direct couplings between the curvature and higher derivatives of the scalar field, up to the quintic order, which were proposed to solve the instability problem for linear perturbations around the FLRW background for this kind of models. Restricting to homogeneous scalar field configurations in the action, we derive degeneracy conditions to obtain an effective field theory with three degrees of freedom. However, performing the Hamiltonian analysis for a generic scalar field we show that there are in general four or more degrees of freedom. The discrepancy is resolved because, for a homogeneous scalar field profile, ∂ i ϕ ≈ 0, the Dirac matrix becomes singular, resulting in further constraints, which reduces the number of degrees of freedom to three. Similarly, in linear perturbation theory the additional scalar degree of freedom can only be seen by considering a non-homogeneous background profile of the scalar field. Therefore, restricting to homogeneous scalar fields these kinds of models provide viable explicitly Lorentz violating effective field theories of mimetic gravity.
Introduction
In [1] a modification of General Relativity (GR) was proposed by performing a non-invertible conformal transformation of the Einstein-Hilbert action g µν = − g αβ ∂ α ϕ∂ β ϕ g µν .
(1.1)
The additional scalar degree of freedom of the conformally invariant theory, called "mimetic gravity", can mimic the behavior of a pressureless fluid. Later, it was realized [2, 3] that by gauge fixing the conformal symmetry, we can obtain mimetic gravity by adding the mimetic constraint g µν ∂ µ ϕ∂ ν ϕ + 1 = 0 (1.2) via a Lagrange multiplier term to the action. Mimetic gravity can be generalized by adding the mimetic constraint to a generic scalar-tensor theory [4] [5] [6] [7] [8] [9] (see [10] for a review).
In [8, 9, [11] [12] [13] [14] [15] [16] linear perturbations around a Friedmann-Lemaître-Robertson-Walker (FLRW) background (FLRW) for a wide range of mimetic gravity models were analyzed. It was argued that these theories might be plagued with gradient or ghost instabilities, which can be interpreted in the original mimetic matter model as the Jeans instability of standard dust [16] . To circumvent the instability problems it was proposed to add direct couplings of higher-order derivative terms of the scalar field to the curvature [11, 14, 15] .
By performing the Hamiltonian analysis it was shown that the original mimetic matter model has three degrees of freedom (dof), due to the presence of the conformal symmetry, or the mimetic constraint in the gauge-fixed version [17, 18] . The analysis was then generalized for a broad range of mimetic gravity theories, starting with general scalar-tensor theories containing second-order derivatives of the scalar field [8, 16, 19] . However, it was argued [8] that a direct coupling of higher-order derivative terms of the scalar field to the curvature may generate an additional scalar degree of freedom (dof) which will cause an Ostrogradski ghost instability [20] . In [19] a mimetic gravity theory containing f ( ϕ)R was analyzed showing that there will be in general four degrees of freedom. However, if one identifies the scalar field with the time flow ϕ = t, which is commonly called "unitary gauge", the additional dof vanishes leaving just three dof.
A similar situation, where the choice of the form of the scalar field can change the number of dof has been encountered in a series of modified gravity models, such as Horava-Lifshitz, Cuscuton models, higher-order scalar-tensor theories (HOST), or modified Chern-Simons gravity models [21] [22] [23] [24] [25] [26] . In [24] it was argued that for degenerate HOST models the additional non-propagating ghost degree of freedom in a non-unitary gauge can be removed by imposing the regularity condition at spatial infinity, while in the unitary gauge this boundary condition is already imposed implicitly by the choice of the gauge itself. In [23] the Hamiltonian for the Cuscuton was studied, showing that, for generic field configurations, there are three dof which reduce to two by imposing the unitary gauge strongly at the Lagrangian level. It was argued that the homogeneous limit is singular and discontinuous from the general case and, therefore, both cases have to be treated separately as two different dynamical systems.
In this paper we address some of these points with the goal of revisiting the effect of the homogeneity condition of the scalar field on the number of degrees of freedom for mimetic gravity theories, with couplings of higher-order derivatives of the scalar field to the curvature, hence providing possible viable effective field theories of mimetic gravity.
In section 2 we analyze the higher-derivative operators proposed in [15] , for homogeneous field configurations, ϕ = t, and derive the degeneracy conditions to obtain a theory with three dof. In section 3 we perform the Hamiltonian analysis for generic scalar fields for the cubic operators (sketching higher orders in the appendix), showing that there will be in general four dof. Imposing the homogeneity condition, ϕ ≈ t, the Dirac matrix becomes singular leading to two further second-class constraints which reduce the number of dof by one, thereby generalizing the results of [19] to a broad range of operators. In the last section, we study, for a particular cubic operator, linear scalar perturbations around flat space, both for homogeneous and inhomogeneous background scalar field configurations. We show that in the case of the non-homogeneous background scalar field there are two scalar degrees of freedom from which at least one of them is a ghost.
Some tedious calculations and additional comments are given in the appendix. We take the (−, +, +, +) signature and choose units where the speed of light and the reduced Planck mass are set to one. Greek indices run from 0 to 3 and Latin indices from 1 to 3.
Higher-derivative coupling operators
By introducing higher-derivative operators coupled to the curvature one can obtain stable perturbations around FLRW for mimetic gravity scenarios [11, 14, 15] . Here, we want to discuss these operators and especially the associated number of the degrees of freedom, in the case in which the mimetic scalar field is identified with the time flow ϕ = t.
Relation between curvature tensors
We shortly review the relations between the 4-dimensional (4-dim) Riemann R αβµν tensor, its 3-dim counterpartR αβµν on the hypersurface of constant time and the extrinsic curvature K µν . For the foliation of spacetime we use the standard convention
where h µν is the metric on the hypersurface of constant time and n µ is its normal vector. Further, we use the sign convention
where a ν is the acceleration vector and K µν is the extrinsic curvature. The Gauss, Codazzi and Ricci relations of the curvature are given by
where L n is the Lie-derivative along n µ , D α is the covariant derivative induced by h αβ and 2D (α a β) = D α a β + D β a α . By contracting the above equations, we obtain relations for the Ricci tensor and Ricci scalar:
In the following we will parametrize the metric by the specific choice of the ADM decomposition [27] 10) where N is the lapse and N i the shift vector. For this coordinate choice the extrinsic curvature and the acceleration vector are given by
Unitary gauge
Identifying the time flow with the scalar field ϕ = t, we can define the normal vector n µ with respect to the hypersurface of constant time as
Further, the mimetic constraint (1.2) reduces to 13) fixing therefore the lapse N 2 = 1. For simplicity, in the following we will take the positive sign for the lapse function. For a generic action
the equation of motion (EOM) for the lapse N fixes the Lagrange parameter λ
Note, that any term in the Lagrangian, which is quadratic in derivatives of the lapse, vanishes in the EOM, after imposing the mimetic constraint. We can also directly plug the mimetic constraint N = 1 into the action [14] and obtain
Or, alternatively, starting from the generic action (2.14) we can expand the Lagrangian in terms of N − 1 as a Taylor series. As a next step, we can redefine the Lagrange parameter λ to absorb all the terms proportional to N − 1 (see [16, 28] for a similar discussion for the general mimetic constraint). The action can be finally expressed as 17) which is classically equivalent to (2.16).
Cubic operators
Considering the coupling between the higher-order derivatives of the scalar field and the curvature we analyze, at first, cubic operators L (1, 2) , whereby the classification is based on the second derivative of the scalar field (i.e. ϕ is a linear operator and ( ϕ) 2 a quadratic one). Further, the curvature terms as R, R µν or R µναβ are identified as quadratic terms. The index (1, 2) denotes the order of the operator, where the first index comes from the derivatives of the scalar field and the second one from the curvature (see [15] for a detailed discussion). There are only three independent cubic operators which contribute to the EOM of mimetic gravity theories
Other operators, as mentioned in [15] , do not contribute to the EOM, since they contain covariant derivatives of X and vanish identically by using the mimetic constraint (see [9, 16] for a detailed discussion).
can be recast into
where a ′ 1 ≡ ∂ ϕ a 1 and ∇ µ J µ stands for a total derivative term. Since all these terms are already commonly discussed for mimetic gravity scenarios, they provide no new information and, in particular, they cannot solve the instability problem around the FLRW background. Therefore, we will not consider L further. In the previous section we showed that for the choice of ϕ = t the mimetic constraint fixes the lapse function N = 1 and eventually we are only interested in the restricted operators with L (1,2) i | N =1 . Up to total derivatives these operators can then be rewritten as
where we have introduced the convention
We can observe that by choosing the hypersurface of constant time as ϕ = t both operators can be expressed as purely spatial covariant combinations of the extrinsic curvature and the 3-dimensional Ricci scalar. Performing the Hamiltonian analysis we obtain six firstclass constraints, corresponding to time-independent spatial transformations. Having 18 canonical conjugate variables h ij , π ij , N j and π j (see subsection 3.2 for the chosen convention) we obtain three degrees of freedom. These kinds of operators are specific sub-classes of the spatial covariant gravity theories [29] [30] [31] with the additional condition on the lapse function N = 1. The condition on the lapse function is reminiscent of the projectable Horava Lifshitz gravity theories [32] (see also [33] , for the connection between the infrared limit of projectable Horava Lifshitz gravity and mimetic gravity). for ϕ = t can be equivalently obtained from
Therefore, we can discard this term, if we are only interested in cases where ϕ = t, since, as for the operator L
(1,2) 1
, it does not provide any new interesting information compared to the commonly discussed mimetic gravity scenarios. Note that this also applies to higher-order terms of the form f ( ϕ)R µν ϕ µ ϕ ν .
Quartic operators
The relevant independent quartic operators which contribute to the EOM are
The form of L (accounting for the mimetic constraint) can be straightforwardly obtained from the previous results
Further, by using the Gauss relation (2.6) 26) where in the second step we have used that the 3-dimensional Riemann tensor can be decomposed in the Ricci scalar and Ricci tensor
Using the same argumentation as for the cubic operators, we obtain an effective field theory, with only three dof for ϕ = t. However, the situation changes for the remaining three higher-derivative operators
The time derivative of the extrinsic curvature cannot be rewritten anymore as a total derivative term. In the appendix A, we show explicitly that indeed L (2,2) 1 leads to four dof even for fixed ϕ = t from which one is an Ostrogradski ghost. So in order to obtain a theory with only three dof one has to introduce degeneracy conditions between the different operators in order to cancel the time derivatives of the extrinsic curvature. The degeneracy conditions for the quartic order are given by
Finally, let us note that, in general, there may be more possible operators. However, choosing ϕ = t, the above operators form a complete set, from which we can construct all possible linear combinations of the 3-dim Ricci tensor and the extrinsic curvaturē
Quintic operators
For the quintic operators linear in the curvature we have eleven possible operators
Imposing the mimetic constraint we obtain
Further, we get terms with time derivatives of the extrinsic curvature
To remove the time derivatives we need three degeneracy conditions
Note, that in comparison to [15] we have added four operators L
11 , which were missing there. On the other hand, several operators from the aforementioned reference are obsolete for mimetic gravity theories. Moreover notice that one may construct more possible operators. But, restricting to ϕ = t, the operators L
already form a complete set of all 3-dim operators which are linear in the curvaturē
Quadratic in the curvature
As in [15] one could also discuss coupling terms between the scalar field and the curvature which are quadratic in the curvature. Indeed it is straightforward to see that the operators
lead to three dof in the homogeneous limit ϕ = t. We can see that in addition to the combination of the 3-dim curvatureR ij and the extrinsic curvature E kl we also obtain spatial covariant derivatives of the extrinsic curvature E ij . However, we restrict ourselves to the construction of all possible independent combinations of R ij and E kl without spatial covariant derivatives of the extrinsic curvature which are commonly used to construct effective field theoriesR
In contrast to the previous parts we do not construct all the covariant operators and then derive the degeneracy condition but instead construct directly the four spatial operators (2.49) from the covariant operators for simplicity.
From the subsection 2.1 it is straightforward to see that we can construct the 3-dim curvature out ofR
Using these relations we obtain
, (2.52)
, (2.53)
.
(2.55)
Hamiltonian analysis for general field configurations
In the previous section we have analyzed the higher-derivative operators in which the time flow is identified with the mimetic scalar field, ϕ = t. As discussed in [21, 34, 35 ] the choice of a homogeneous scalar field can alter the number of dof. Therefore, we perform the Hamiltonian analysis for the previously discussed operators for a generic scalar field ∂ i ϕ = 0 to analyze possible effects on the number of the dof.
Notation and auxiliary variables
To perform the Hamiltonian analysis and simplify the notation we introduce the following auxiliary variables
3)
Some further useful relations are
For the cubic operators we obtain
As discussed before, we do not consider L
since it does not provide any new information (see subsection 2.3 ). For later purposes, note:
Similar to [36] it is convenient to split K ij into different components by projecting orthogonal to D i ϕ, namely
where we have introduced the projection operator
Further, the matrices have the properties
From (3.7) and (3.8) we can see that in the case of the two cubic operators two components of the extrinsic curvature acquire a time derivative
For later purposes, we will also need the relation
Hamiltonian analysis: cubic order
Using the splitting procedure from above and some partial integration (up to total derivatives) we can rewrite the two cubic operators, L
, as
Introducing new auxiliary variables we can rewrite the action as
where we have split, further, ⊥Kij into its trace F and traceless part ⊥Kij . The first term in the action comes from the two cubic operators and the second one from the mimetic constraint. The other terms in the action are Lagrange multiplier terms to fix the introduced auxiliary variables. For simplicity, we will assume in the following that a 2 and a 3 are constant.
Analysis of the constraints
The canonical conjugate momenta obtained from (3.17) are all primary constraints. The non-trivial are given bȳ
where "≈" denotes weak equalities, which are only valid on the constraint surface, while "=" denotes strong equalities which are valid in the whole phase-space [37] . To clarify the notation we have 28 canonical conjugate pairs
The extended Hamiltonian can be written as
where the sum runs over all momenta (primary constraints). Further, the Hamiltonian and momentum constraint are equal to
24) 25) Note, that the other primary momenta are all weakly zero. Therefore, we could add them to the momentum constraint. It is then straightforward to show that H i is weakly equal to first-class constraints corresponding to the time-independent spatial transformations.
As a next step, we have to check the time evolution of all the primary constraints. The conservation ofp ϕ ,p ⋆ , ⊥πij ,π ij , π E andπ F fixes the Lagrange parameters u µ , u ζ , (û Λ ) ij , (û Λ ) ij , u Σ E and u Σ F and vice versa.
The conservation of π N and π i yields the usual Hamiltonian and momentum constraint
As discussed before, H i is weakly equal to first-class constraints. On the other hand, it is very involved to show that H together with π N are weakly equal to first-class constraints responsible for the time transformations. However, it is natural to expect it due to the diffeomorphism invariance of the starting theory and we will assume it in the following (see [8, 26, 35] for related discussions). The mimetic constraint is given by the conservation of p λ , namely
The conservation of the other primary constraint leads tȯ
where {. , .} denotes the Poisson bracket. The equations above are not all independent and two of them can be used to fix u F and u E in terms of u V⋆
While A ⋆ ≈ 0 is inconsistent with the mimetic constraint (3.27), we have to note that these relations only hold for A 2 ⋆ ≈ 1, which implies ϕ ≈ t. Additionally, we obtain one secondary constraint, which is given by
The conservation of (P B ) ij , (P B ) ij yields
As a next step, we have to check the conservation of the secondary constraints. While ( ⊥ĈB ) ij and (Ĉ B ) ij fixes the Lagrange parameter ( ⊥ûB ) ij and (û B ) ij , the conservation of C λ yields a tertiary constraint
Using (3.31) and (3.32) the conservation of C E yieldṡ
It can be used to fix u V⋆ , which will explicitly depend on λ. The conservation of C
λ leads to a new constrainṫ
Since it depends on u V⋆ the new constraint depends explicitly on λ. Therefore, the conservation of the new constraint C
λ will fix u λ and the chain of constraints stops here. At the end, we have the standard eight first-class constraints and 32 second-class constraints. Since we have 56 canonical variables we end up with four degrees of freedom. However, one can show that
while p λ weakly commutes with all the other constraints. Consequently, we can observe that similarly to [19] the Dirac matrix is only invertible if and only if (iff) ∂ i ϕ ≈ 0. Equivalently, we can see that for this case the constraint C
λ is not conserved anymore. Therefore, for homogeneous scalar fields ∂ i ϕ ≈ 0 the analysis has to be redone, starting from checking the time conservation of the primary constraints. Eventually, we obtain that we have to impose further constraints. In general, we have to distinguish the two different possible branches of solutions with ∂ i ϕ ≈ 0 and ∂ i ϕ ≈ 0 (see [23] for a similar discussion in the context of cuscuton models).
Homogeneous field configuration
Let us now analyze the case of a homogeneous field ∂ i ϕ ≈ 0 more explicitly. We will only outline the most important results and refer to [19] , and to the appendix B, where we discuss the same feature in detail for a simpler mimetic gravity model.
For the case ∂ i ϕ ≈ 0 we obtain ϕ ≈ f (t). Combining with the mimetic constraint we introduce the constraint
The propagation of the constraint yields the secondary constrainṫ
These two constraints are second class and reduce the two first class constraints π N and H to second class due to
In this sense we have just the usual gauge fixing conditions for the unitary gauge in mimetic gravity theories. In fact, for "standard" mimetic gravity model, as the original mimetic matter theory [1] , these two constraints are just unitary gauge fixing conditions. However, as discussed, we can see that imposing only the two second-class constraints C t and C (2) t as gauge-fixing condition leads to a singular Dirac matrix, since p λ now commutes weakly with all the constraints. On the other hand, for ϕ ≈ t C
λ does not depend anymore on λ and, therefore, its time conservation does not fix u λ . Instead, we have to impose further constraints, since otherwise the mimetic constraint would not be conserved in time. Indeed it is straightforward to see that the time conservation of C λ , whereby the latter depends explicitly on λ and the chain of constraint stops there. This mechanism is the same as discussed in [19] and for a particular model in the appendix B.
Due to the two additional second-class constraints the number of degrees of freedom is reduced by one. Imposing the conditions C t and C (2) t cannot be considered just as gaugefixing conditions, since they introduce further constraints. Instead, as outlined before, we can note that there are two different branches of models with ∂ i ϕ ≈ 0 and ∂ i ϕ ≈ 0, which are not equivalent. Instead, the transition from one to the other branch is singular and not well defined. By imposing the homogeneous profile for the scalar field we pick up explicitly one of the two possible branches of solutions.
Note, further that the first branch with ∂ i ϕ ≈ 0 is only well defined if this condition holds at all times, since otherwise the EOM breaks down in the singular point where ∂ i ϕ(x) ≈ 0 [23] . It is, however, beyond the scope of this paper to check it explicitly.
On the other hand, the branch of solutions with ϕ ≈ t obtained by imposing the constraints C t and C (2) t is well defined. Note that this is equivalent to directly imposing the homogeneous scalar field in the action, as done in section 2. It is an explicitly Lorentz breaking theory with three degrees of freedom (no Ostrogradski ghost). Alternatively, it might be seen as a low-energy effective field theory [26] .
Comments for higher orders
Let us discuss now operators of higher order. The quartic operators can be written as
is again a specific subcase of the analysis in [19] . Further, from the previous discussion of the cubic operators we can note that the Hamiltonian analysis can be straightforwardly generalized to the combination of the two quartic operators L we still have the same two scalar components of the extrinsic curvature which acquire a time derivative, namely E and F . In the appendix C we sketch the corresponding Hamiltonian analysis for these operators, arguing that by imposing the degeneracy condition (2.32) the theory will in general have four dof which reduce to three if we take the homogeneous condition for the scalar field ϕ ≈ t.
In contrast, the last two operators L have more independent components of the extrinsic curvature with time derivatives. Therefore, we might expect more additional dof for generic scalar field configurations ∂ i ϕ ≈ 0, which are removed by identifying the time flow with the scalar field. See, for instance, [26] , where the restriction to homogeneous field configurations removes two or more (Ostrogradski) ghost dof in modified Chern-Simons gravity models. However, the full Hamiltonian analysis is beyond the scope of this paper.
The same argumentation also applies to quintic or higher orders. Indeed, it is for instance straightforward to show that the analysis of the cubic operators carries on for the two quintic operators L , showing that there will be in general again four dof, reducing to three by imposing ϕ ≈ t.
Non-homogeneous field configurations: Perturbations around Minkowski
To understand better the nature of the additional scalar degrees of freedom in non-homogeneous field configurations, we consider as an example the action
In the following, we discuss the scalar perturbations around flat space-time g µν = η µν for the homogeneous case ϕ = t and the inhomogeneous case ϕ = 1 + a i a i t + a i x i . Note, that the inhomogeneous profile of the scalar field is the most general one consistent with the mimetic constraint in flat space-time and fulfills the full set of the EOM for a generic a i and a vanishing background value of the Lagrange parameter λ 0 = 0.
Second-order action and gauge fixing
Considering only scalar perturbations
the second-order of the action (4.1) without gauge fixing can be written as
Using the EOM for δλ (i.e. using the mimetic constraint) we can express the gravitational potential Φ as
Plugging it back into the action we obtain
where we have introduced the Laplace operator ∆ ≡ δ ij ∂ i ∂ j and
From the action above, we can observe that there is a gauge degree of freedom which can be used to set E = 0, B = 0 (Poisson Gauge) or E = 0, δϕ = 0 (Unitary Gauge) without loss of generality. In the following we will use the Poisson Gauge.
Homogeneous case ϕ = t
In this case we obtain just
To obtain a propagating degree of freedom we consequently need to add additional terms. Further, to get a stable degree of freedom around the Minkowski background we have to break the shift symmetry of the scalar field to make the background explicitly time dependent. However, this would make the calculation in the non-homogeneous configuration very involved. Therefore, we will restrict ourselves to L , keeping in mind that this is a very specific example.
Non-homogenous case
For the general case the action can be written as
Now let us define the spatial derivative operator
The specific form will explicitly depend on the form of our background field. In particular, note that the operator is in general neither negative nor positive definite. For simplicity, let us discuss the example ϕ = √ 1 + α 2 t + αx:
One can decouple the two degrees of freedom by performing a transformation of variable
Then we can rewrite the second-order action as
Therefore, at least one of the two dof is a ghost, which can also be seen from the Hamiltonian
Note that, since the operator˜ is in general not sign-definite, even for both of the dof the kinetic energy can be negative. The EOM are
The dispersion relation depends on the form of the background field, due to ∂ i ϕ. Considering the example ϕ = √ 1 + α 2 t + αx the dispersion relation can be written as
where ⊥ k 2 = k 2 y + k 2 z . We can observe that there are no gradient instabilities, namely ω ∈ R. Therefore, the modes are by themselves stable. However, the coupling between u + and u − at higher order may introduce instabilities.
Summarizing, we can observe that at the level of linear perturbations the additional scalar dof can only be seen if the background scalar field is time and space-dependent, consistently with similar results in [21, 24, 25] .
Summary and Conclusion
In this paper we have analyzed the direct coupling of higher derivative operators of the scalar field to the curvature in mimetic gravity theories which were proposed to solve the instability problems for linear perturbations around the FLRW background. Imposing homogeneous field configurations ϕ = t at the action level we have derived degeneracy conditions between the different operators to obtain a gravity theory with three dof up to the quintic order.
In contrast, we have shown for the cubic operators, by performing the full Hamiltonian analysis for generic scalar field configurations, that these mimetic gravity theories have in general four instead of three dof. This discrepancy can be explained by the fact that the Dirac matrix is singular in the homogeneous point ∂ i ϕ ≈ 0, which is in agreement with similar results in [19] . Therefore, imposing the homogeneous condition via the constraint C t = ϕ − t ≈ 0 does not just lead to the standard gauge fixing conditions but also to two further second-class constraints which reduce the number of dof by one. Therefore, one has to distinguish two different branches of solutions with ∂ i ϕ ≈ 0 and ∂ i ϕ ≈ 0. While the homogeneous point is singular, the theory in this singular point is itself well defined and can be seen as a Lorentz violating theory or a low-energy effective field theory (similar discussions [23, 26] ). The results can be extended to higher orders, but, due to the presence of further components of the extrinsic curvature with time derivatives, for some of these operators there might be in general even more than four dof, which reduce to three by imposing the singular homogeneous condition. This analysis is postponed to a future project.
Finally, we have discussed the linear perturbations around a Minkowski background for a homogeneous, ϕ = t and non-homogeneous ϕ = √ 1 + α 2 t + αx background scalar field, for one particular choice of the higher-derivative operator to understand better the presence of the additional scalar degree of freedom. We have observed that, for the non-homogeneous background scalar field, there are two propagating scalar degrees of freedom present, as it is expected from the Hamiltonian analysis for generic scalar fields. For this specific example the two scalar dof decouple from each other and at least one of them has a ghost-like behaviour (negative kinetic energy). By analyzing the dispersion relation we have shown that there are no gradient instabilities and the modes themselves are stable. However, instabilities may appear at higher orders, due to the coupling of the two scalar degrees of freedom.
Summarizing, the restriction of homogeneous field configurations operators with direct coupling of higher derivatives to the curvature can provide new well-defined (no Ostrogradski ghost) explicitly Lorentz violating mimetic gravity theories. In the future, we plan to study the phenomenological properties of these models and their possible cosmological applications.
A Hamiltonian analysis of L can be rewritten as
The canonical conjugate momenta are given by
The others, π i and p Λ , are trivial primary constraints. Inversion yields
From this we get the extended Hamiltonian
As usual, the conservation of π i yields the constraint H i . Together, π i and H i form the six first-class constraints, corresponding to the invariance under time-independent spatial transformations. The conservation of p Λ yieldṡ
The conservation of C Λ fixes the Lagrange parameter u Λ
Therefore, the chain of constraints ends here. Finally, there are six first-class constraints, corresponding to the spatial transformation, π i and H i , and two second-class constraints, p Λ and C Λ , which results in four degrees of freedom.
B Degeneracy in the homogeneous field configuration
To analyze the behaviour of the mimetic gravity model which are degenerate in the homogeneous field configuration ϕ = t, it is instructive to discuss for simplicity the following model
As discussed in [16, 19] , there are in general three degrees of freedom. However, restricting to the homogeneous field configuration ϕ ≈ t the number of degrees of freedom reduces to two. The reason for this reduction is the same as in the models discussed in this paper. Therefore, it is instructive to analyze the origin of this reduction in more detail. The Hamiltonian constraint derived in [16] has the following form
where H gr is the standard Hamiltonian constraint of GR. There are six second-class constraints, which can be expressed as p χ ≈ 0, p λ ≈ 0 and
The constraint C
λ depens explicitly on λ and its conservation fixes the Lagrange parameter u λ associated to the primary constraint p λ . The Dirac matrix Ω IJ = {C I , C J }, where C I are the six second class constraints p λ , p χ , C χ , C (1) λ , C (2) λ and C (3) λ , can be expressed as
Consequently, the determinant is given by
The Dirac matrix is only well defined and invertible if the determinant is weakly nonvanishing, which means that 11) has to be weakly non-vanishing. This shows directly that for any solution with D i ϕ ≈ 0 the determinant vanishes weakly. On the other hand, we could note that for D i ϕ ≈ 0 the second-class constraint C
λ does not depend on λ anymore and consequently its conservation does not fix the Lagrange paramter u λ and its evolution can evolve to non-vanishing values. Consequently, we have to distinguish two scenarios with D i ϕ ≈ 0 and D i ϕ ≈ 0.
Let us focus now on the first case. For this reason let us introduce the constraint
Its time evolution yields another constraint, namely
These two constraints do not commute with π N and H and consequently fix the gauge freedom corresponding to the time-diffeomorphism invariance. From this point of view the constraints C t and C (2) t could be understood as a gauge-fixing condition ϕ = t, which is normally called unitary gauge.
While in standard gravity models this is indeed the case, we have already seen before that for this model the choice of ϕ ≈ t is singular, as far as the Dirac bracket (B.8) is concerned. This requires further analysis. Indeed, checking the chain of constraints we note that C (3) λ is now given by
As outlined before, C
λ does not depend on λ anymore and the chain of constraints does not stop. Instead the conservation of C (3) λ leads to two further second-class constraints which are given by
λ explicitly depends on λ its time conservation fixes the Lagrange parameter u λ and the chain of constraints stops here.
C Hamiltonian analysis of quartic operators
Considering the operators L
and using the degeneracy condition (2.32) the Lagrangian can be formally written as
Note, that in the first term the pre-factor of V E is proportional to the mimetic constraint. This will be later crucial for the number of dof. Using the same notation and auxiliary variables as in subsection 3.2 the non-trivial primary constraints can be written as
while the other non-trivial primary constraints are given by (3.20) - (3.22) . The Hamiltonian constraint is given by
The time conservation of p λ leads to the mimetic constraint C λ (3.27). On the other hand, from the time conservation ofP E ,P F , P V⋆ , ( ⊥PB ) ij and (P B ) ij we obtain
where we have used the fact that all the commutators between the primary constraints are proportional to the delta-function, δ(x − y), (no spatial derivatives) so that we can pull out the Lagrange parameters. We can use the first two equations to fix u E and u V⋆ . Plugging it into equation (C.8) we obtain a relation between (û B ) ij and ( ⊥ûB ) ij so that it also does not lead to a secondary constraint. On the other hand, from the last two equations we can fix u F by multiplying for instance the time conservation of (P B ) ij withB ij . Plugging back the solution for u F we obtain three independent secondary constraints, which we denote as (Ĉ B ) ij and ( ⊥ĈB ) ij . Their time evolution will fix the remaining components of (û B ) ij and ( ⊥ûB ) ij .
The time conservation of the mimetic constraint leads to a tertiary constraint C
λ which is given by (3.36) . Its time evolution yieldṡ
Using the expressions for u E and u V⋆ we obtain a new constraint which, however, does not depend on λ or p ϕ . Further, the dependence on p ⋆ and π E is given by the specific combination 12) which commutes with the mimetic constraint C λ . Consequently, the new constraint C is independent from the others. For b 1 = 0 and b 4 = 0 we have to recover the result from [19] that the theory has four dof. Together with C (5) λ there are already 32 second class and eight first class constraints which would result in four dof. Consequently, we can deduce that in general C (5) λ has to depend on λ so that the chain of constraints stops.
When the two constraints C t and C
t eqs. (B.12) and (B.13) are imposed,P F commutes withP E , (P B ) ij and ( ⊥PB ) ij . Therefore, the time conservation of these operators leads to two further constraints, which have the same fundamental structure as in subsection 3.2. At the end there will be two further second-class constraints, reducing the number of dof by one, consistently with our previous discussions.
D Hamiltonian analysis of quintic operators
As an example, let us consider the following action
For simplicity, we assume that d and c are constant. The analysis is very involved and we will just sketch the most important steps. We can split the Lagrangian formally as in (C.1)
Using the same procedure as in section 3.2 the non-trivial primary constraints can be written asP
while the other non-trivial primary constraints are given by (3.20) - (3.22) . The Hamiltonian constraint can be formally expressed as
The time conservation of the primary constraints leads to the mimetic constraint C λ (3.27) and
Further, the time conservation of P Ω ,P F ,P E and P V⋆ fixes the associated Lagrange parameter u Λ , u F , u E and u V⋆ .
The time conservation of the secondary constraints C χ , ( ⊥ĈB ) ij , (Ĉ B ) ij fixes u χ , ( ⊥ûB ) ij , (û B ) ij . On the other hand, the time conservation of the mimetic constraint leads to a tertiary constraint C Contrary to the cubic analysis and similar to the analysis in appendix C, it does not depend on λ and p ϕ . Further, it only depends on a special combination of p ⋆ and π E C (3)
which commutes with the mimetic constraint C λ . Consequently, the new constraint C are in general independent and for d = 0 and c = 0 we recover the result from [19] . Using the same argumentation as in appendix C we can deduce that in general C (5) λ has to depend on λ so that the chain of constraints stops here and we obtain four degrees of freedom.
Imposing the two constraints C t and C (2) t eqs. (B.12) and (B.13) we obtain the same results as in the other cases. The chain of constraints breaks down, since the conservation of P Ω ,P E ,P F and P V⋆ is not sufficient anymore to fix the corresponding Lagrange parameters and consequently we have to impose further constraints. At the end there will be two further second-class constraints reducing the number of the dof to three.
